We study the classifying space of a twisted loop group L σ G where G is a compact Lie group and σ is an automorphism of G of finite order. We derive a formula for the cohomology ring H * (BL σ G) and explicitly carry out the calculation for all automorphisms of simple Lie groups.
Introduction
Let G be a compact, connected Lie group and let σ ∈ Aut(G) be an automorphism of G. The twisted loop group associated with σ is the topological group L σ G whose elements are continuous paths γ : I → G satisfying γ(1) = σ(γ(0)), topologized with the compact-open topology and with group operation defined point-wise. In the special case that σ is the identity automorphism, L σ G is the usual (continuous) loop group LG.
1 The main result of this paper is a formula for the cohomology ring of the classifying space H * (BL σ G).
Theorem 1.1. Let G be a semisimple compact Lie group with Weyl group W and let σ ∈ Aut(G) be an automorphism. Let G σ denote the subgroup of elements fixed by σ, with identity component G for coefficient fields F relatively prime to the order of W , the order of σ, and the number of path components of G σ . The image of the injection is the ring of invariants
where W σ is a subgroup of W acting via outer automorphisms of G σ 0 . More generally, we derive a formula (Proposition 4.1) for H * (BL σ G; F ) if G is compact, connected and σ is conjugate to an automorphism of finite order. The proof uses a finite dimensional model for BL σ G. Denote by G Adσ the left G-space whose underlying space is the group manifold G and with the twisted adjoint action
The classifying space BL σ G is homotopy equivalent to the homotopy quotient
There is another description of G Adσ that we make use of. If σ has order n, then form the compact semi-direct product Z n ⋉ G by the rule (a, g)
. The G-space G Adσ can be identified with the adjoint action of G ∼ = {0} × G on the path component {1} × G. By a result of de Siebenthal [deS] , the stabilizers G p of this action all have the same rank; this permits us to use the following result which may be of more general interest. Theorem 1.2. Let G be a connected, compact Lie group and X a connected, compact Hausdorff G-space with constant rank stabilizers. Choose any p ∈ X and let T p ⊆ G be a maximal torus in the stabilizer G p of p. Then the inclusions N(T p ) ⊆ G and X Tp ⊆ X induce an isomorphism in equivariant cohomology
for coefficient fields of characteristic relatively prime to order of the Weyl group of G.
The proof of Theorem 1.2 is a straightforward generalization of the special case proven in Baird ([B1] Thm 3.3) where the stabilizers G p were assumed to have constant rank equal to the rank of G.
Twisted loop groups have been studied in relation to the representation theory of affine Lie algebras [PS, MW, W] and to Wess-Zumino-Witten theory [St] . A special class of twisted loop groups -called real loop groups -was introduced in [B2] in the course of calculating Z 2 -Betti numbers of moduli spaces of real vector bundles over real curve. The results of the current paper will be applied in future work to study the rational cohomology of these moduli spaces.
Notation: Given a topological group G and G-space X, we denote by X hG or EG × G X the Borel construction homotopy quotient.
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Cohomological Principal Bundles
We recall some background material from [B1] . Let f : X → Y be a continuous map between topological spaces X and Y , and let Γ be a topological group acting freely on X, such that X → X/Γ is a principal bundle. Definition 1. We say (f : X → Y, Γ) is a cohomological principal bundle for the cohomology theory H * if: i) f is a closed surjection ii) f descends through the quotient to a map h,
Let H * (X; F ) denote sheaf cohomology of the constant sheaf F X , where F is a field. The following is a simplification of ([B1] Corollary 2.4).
Proposition 2.1. Let Γ be a compact Lie group and let (f : X → Y, Γ) be a cohomological principal bundle for H * (., F ), where X is a paracompact Hausdorff space. Then
We also make repeated use of the following from Bredon [Br] 19.2.
Theorem 2.2. Let X be a topological space, let Γ be a finite group acting on X and let π : X → X/Γ denote the quotient map onto the orbit space X/Γ. If F is a field satisfying gcd(char(F ), #Γ) = 1, then
is an isomorphism, where H(X, F ) Γ denotes the ring of Γ invariants.
A particular example of Theorem 2.2 is that BΓ is acyclic for coefficient field F relatively prime to the order of Γ, because
Γ and EΓ is acyclic because it is contractible.
Cohomology of G-spaces with constant rank stabilizers
Let G be a compact Lie group and X a left G-space which is compact, connected and Hausdorff. Denote by G x the stabilizer of a point x ∈ X and by G 0 x the identity component of G x . For a given point p ∈ X, let T p denote a maximal torus in the identity component
where
leaving φ invariant and commuting with the G action.
Proposition 3.1. Under the hypotheses of Theorem 1.2, the pair (φ :
We begin with a few of lemmas.
Lemma 3.2. Under the hypotheses of Theorem 1.2, given any two points x, y ∈ X, the maximal tori T x ⊆ G 0 x and T y ⊆ G 0 y are conjugate in G. Proof. Given p ∈ X, the set A = {x ∈ X | T x is conjugate to T p } is equal to the image of (3). The fixed point set X Tp is closed in X, hence compact. Since G is compact, the product G × X Tp is compact, and the image of (3) is compact, hence closed. Thus A is a closed subset of X.
Since X is compact and Hausdorff it is completely regular. By a theorem of Gleason [Gl] , G-orbits in X admit local cross sections. In particular, for every x ∈ X there is an open neighbourhood x ∈ U ⊆ X such that for every y ∈ U, the stabilizer G y is a subgroup of a conjugate of G x . Since G x and G y have the same rank, this implies that T x and T y are conjugate. It follows that A is an open subset of X. Since X is connected, it follows that A = X. Lemma 3.3. Let G act on X from the left and let x ∈ X Tp . Then g·x ∈ X Tp if and only if g ∈ N(T p )G 0 x , where G 0 x is the identity component of the stabilizer
Since stabilizers have constant rank, both T p and g
Proof. We may assume by equivariance that x ∈ X T . We have isomorphisms of right N(T p )-spaces
where the middle equality follows from the preceding lemma. It follows that
Proof of Proposition 3.1. Since both G and X are compact, it follows that G × X Tp is compact and thus φ is closed. From Lemma 3.2, it follows that every G-orbit in X must intersect X Tp , so φ is surjective. Finally, the homeomorphism φ
is acyclic over fields of characteristic relatively prime to the order of the Weyl group (as explained in [B1] §3).
Proof of Theorem 1.2. The map G × N (Tp) X Tp → X is G-equivariant and a cohomology isomorphism, so it induces an isomorphism in equivariant cohomology
The action of N(T p ) on G × X Tp is free and commutes with G, so we also have an isomorphism
Finally, G acts freely on G × X Tp , so we have an isomorphism
Let G be a compact, connected Lie group and σ ∈ Aut(G). Let G σ ≤ G denote the subgroup of elements fixed by σ, and let T σ be a maximal torus in (the identity component of)
be the centralizer and normalizer of T σ in G respectively. The twisted adjoint action restricts to an action of N(T σ ) on C(T σ ), which we denote by C(T σ ) Adσ . The goal of this section is to prove Proposition 4.1. Let G be a connected, compact Lie group and σ ∈ Aut(G) an automorphism such that some conjugate gσg −1 has finite order. Then there is a cohomology isomorphism
for coefficient fields relatively prime to the order of the Weyl group of G.
The following result is not orginal (it follows implicitly from [W] ), but I have not been able to find a clean statement in the literature.
Lemma 4.2. There is a natural homotopy equivalence BL
Proof. Consider the action of L σ G on the contractible based path space
by (γ · x)(t) = γ(t)xγ(0) −1 . Since P G is contractible, the homotopy quotient P G hLσG is a model for BL σ G.
The based loop group ΩG := {γ ∈ L σ G | γ(0) = γ(1) = Id G } acts freely on P G, so P G hLσG is equivalent to the homotopy quotient of the residual action of
The isomorphism class of L σ G is depends only on the element of the outer automorphism group Out(G) = Aut(G)/Inn(A) represented by σ (see [PS] ). Similarly, if σ ′ = Ad h • σ represent the same outer automorphism, then the map
in an isomorphism of G-spaces. Thus we may assume without loss of generality that σ has finite order.
Lemma 4.3. Let G be a compact, connected Lie group. If σ ∈ Aut(G) has finite order then the twisted adjoint action of G on G Adσ has constant rank stabilizers.
Proof. If σ has order n, then it can be used to construct a semi-direct product Z n ⋉ G. It is explained in the introduction that the action of G on G Adσ is isomorphic to standard adjoint action of G = {0} × G on the path component
The result now follows from a fundamental property of the adjoint action of disconnected compact Lie groups, proven in section 2 of [deS] .
The stabilizer of the identity element Id G ∈ G under the twisted adjoint action is exactly the subgroup G σ of elements invariant under σ. Let T σ denote a maximal torus of G σ . The restriction of the twisted adjoint action to T σ agrees with the ordinary adjoint action. It follows that the set of fixed points X T σ is precisely the centralizer of C(T σ ) := {g ∈ G | gt = tg, for all t ∈ T σ }.
as desired.
Example 1. If σ ∈ Aut(G) is the identity, we have T σ = T is a maximal torus with N(T σ ) = N(T ) acting on C(T σ ) = T by the standard adjoint action. Proposition 4.1 gives us the formula
for coefficients relatively prime to the order of the Weyl group W = N(T )/T .
Proof of Theorem 1.1
Assume throughout this section that G is a compact, semisimple Lie group and σ ∈ Aut(G) of finite order and that cohomology is taken with coefficient field F of characteristic p relatively prime to the orders of the Weyl group
Lemma 5.1. Let T σ be a maximal torus in G σ and C(T σ ) the centralizer of
Proof. By ( [BtD] Thm 2.3) the centralizer C(T σ ) is equal to the union of maximal tori containing T σ , so it suffices to show that there exists an element in T σ that is contained in only one maximal torus (i.e. a regular element). Every outer automorphism of G is induced by an automorphism of Dynkin diagram of G. Thus, up to composing by an inner automorphism, we may assume that G contains a maximal torus T that is preserved by σ and that the induced map on t sends the set of positive co-roots to itself. In particular, the half sum of positive co-roots is σ-invariant. This is well known to have stabilizer T under the adjoint action (see [H] 13.3), so it follows that C(
The twisted adjoint action restricts to the standard adjoint action for the subgroup
acting on the subspace T σ ⊆ T , so these inclusions give rise to morphism in equivariant cohomology, which by Proposition 4.1 fits into a commutative diagram
where the top arrow is the subject of Theorem 1.1.
T is a finite group of order relatively prime to p. By Theorem 2.2, there is a natural isomorphism
֒→ W σ and it follows that the order of W G σ 0 is relatively prime to p. We gain a natural isomorphism
These natural isomorphisms permit us to replace (9) with the commuting diagram
Ad is trivial, so the homotopy quotient is the product BT σ × T σ and the equivariant cohomology ring is
The twisted adjoint action of t ∈ T on x ∈ T Adσ Ad σ (t)(x) = txσ(t) −1 = tσ(t) −1 x is simply translation by tσ(t) −1 . Consequently, T acts on T Adσ with constant stabilizer G σ ∩ T . Choose a complementary subtorus T ′ so that T = T σ ×T ′ . Then the factor T σ acts trivially on T Adσ , so the homotopy quotient satisfies
where in the second factor we consider the restricted action of T ′ on T Adσ which has constant stabilizer T ′ ∩ G σ . It follows that the projection map onto the orbit space
is acyclic over the field F and
The result now follows from Lemma 5.3.
Lemma 5.3. Let σ have finite order n. The map φ : T σ → T Adσ /T obtained by composing inclusion and quotient maps is a covering map of finite degree dividing a power of n. In particular, φ induces a cohomology isomorphism in characteristic relatively prime to n.
Proof. As explained in the proof of Lemma 5.2, the twisted adjoint action of t ∈ T on T Adσ is simply translation by tσ(t) −1 . The orbit space T Adσ /T may thus be identified with the coset space T /H where H := {tσ(t) −1 |t ∈ T }, and φ can be identified with the corresponding group homomorphism
Since φ ′ is a homomorphism between tori of equal rank, it is enough to show that ker(φ ′ ) = T σ ∩ H has finite order dividing a power of n. Suppose that t ∈ H ∩ T σ . Then both t = σ(t) and t = sσ(s) −1 for some s ∈ T . Thus t n = tσ(t)σ 2 (t)...σ n−1 (t) = (sσ(s) −1 ) . . . (σ n−1 (s)σ n (s) −1 ) = sσ n (s) −1 = Id T so ker(φ ′ ) is a subgroup of T n := {t ∈ T |t n = Id T } which is a group of order n rank(T ) . The result follows by Lagrange's Theorem.
Next, we want to understand the W σ and W G σ Proof. Both actions are diagonal with respect to the Kunneth factorizations defined in proof of Lemma 5.2:
The action on the first factors are the same, since the group T σ acts trivially in both cases. It remains to consider action on the second factors are equivariant with respect to the the isomorphism H * (T σ ) ∼ = H * (T Adσ /T ) from Lemma 5.3.
Let φ : T σ Ad → T Adσ /T be the covering map, n ∈ N G (T σ ), and x ∈ T The two maps φ•Ad(n) and Ad σ (n)•φ agree up to translation by nσ(n −1 ) ∈ T , so they are homotopic and define the same map on cohomology.
